In this paper we analyze the limiting properties of the estimated parameters in a general class of asymmetric volatility models which is closely related to the traditional exponential GARCH (EGARCH) model. The new representation has three main advantages over the traditional EGARCH: (1) It allows a * We wish to thank Hira Koul, Timo Terasvirta, Tim Vogelsang and participants at a seminar at MSU and the Summer Econometrics Conference at University of Aarhus for very helpful comments. (3) It can produce asymmetric news impact curves where, contrary to the traditional EGARCH, the resulting variances do not excessively exceed the ones associated with the standard GARCH model, irrespectively of the sign of an impact of moderate size. Furthermore, the new class of models considered can create a wide array of news impact curves which provide the researcher with a richer choice set relative to the traditional EGARCH. Finally, we provide an empirical illustration.
much more flexible representation of the conditional variance function. (2) It is possible to provide a complete characterization of the asymptotic distribution of the QML estimator based on the new class of nonlinear volatility models, something which has proven very difficult even for the traditional EGARCH.
(3) It can produce asymmetric news impact curves where, contrary to the traditional EGARCH, the resulting variances do not excessively exceed the ones associated with the standard GARCH model, irrespectively of the sign of an impact of moderate size. Furthermore, the new class of models considered can create a wide array of news impact curves which provide the researcher with a richer choice set relative to the traditional EGARCH. Finally, we provide an empirical illustration.
Introduction
Since the influential work of Engle (1981) , a huge amount of literature on conditional heteroskedasticity has appeared in statistics/econometrics. ARCH (Autoregressive Conditional Heteroskedastic) models have obtained an enormous attention (see e.g. Ling (2003) ). A main shortcoming of the ARCH model of Engle (1981) and the generalized ARCH model by Bollerslev (1986) , is that they do not allow for asymmetries, i.e., the so-called leverage effects. The empirical relevance of leverage effects in par-ticular has motivated an extensive search for asymmetric volatility models and many specifications has been suggested. The exponential GARCH (EGARCH) specification, by Nelson (1991) is probably one of the best known examples and has become a very important tool in volatility modelling. Surprisingly, however, very little is known about the statistical properties of the EGARCH model, particular estimation and inference theory seems to be lacking. He, Teräsvirta and Malmsten (2002) has analyzed the moment structure of first-order exponential GARCH models, but to the best of our knowledge there does not exist a formal proof establishing the limiting properties of maximum likelihood or quasi maximum likelihood (QML) estimators associated with this model, see, e.g., Linton (2006) . This paper makes three main contributions. First, we propose a new EGARCHtype model that allows for a more flexible specification of the conditional variance function relative to the traditional EGARCH specification. Secondly, we provide a proof of the asymptotic normality of the QML estimator associated with the relative general class of specifications we propose. Thirdly, we provide an empirical illustration, comparing the new EGARCH specification with the traditional EGARCH as well as the GARCH model. We show that the news impact curve of our new model offers a better fit to US interest rate data. Moreover, we show that contrary to the traditional EGARCH, the new model is able to generate news impacts that are highly asymmet-ric but do not exceed the news impacts generated by the GARCH and the EGARCH.
In other words, the news impact curves generated by the new model are uniformly "flatter" than the news impact curves associated with the GARCH/EGARCH. We will argue that this, mainly due to stability issues related to the traditional EGARCH, is an important feature of the new EGARCH specification. Finally, we argue that since we allow for a very general class conditional volatility functions, our approach can create many alternative news impact curves and they can all be evaluated/tested within the framework suggested by Engle and Ng (1994) .
The organization of the paper is as follows: Section 2 presents the new model and the first order validity of the QML method in this setting. Section 3 provides an empirical illustration, showing the advantages of our new specification. Finally, Section 4 concludes. All the proofs are collected in the Appendix 1 1 Detailed derivations are provided in a supplementary appendix which can be obtained from the corresponding author.
A generalized EGARCH-type model
Let us assume the following process, where y t is the time series of interest, and its conditional variance is given by σ 2 t :
where θ * = (w, β, ψ, φ, σ 2 0 (θ * ))´with the unobserved initial variance parameterized as γ = σ 2 0 . The true parameter vector is defined as θ 0 = (w 0 , β 0 , ψ 0 , φ 0 , γ 0 )´and we let v t be a sequence of independent and identically distributed random variables with mean zero. We abbreviate σ 2 t (θ * ) = σ 2 t > 0 , which is a F t−1 -measurable function, where F t−1 is the sigma algebra generated by {v t−1 , v t−2 , ...} . Furthermore, we define g (y t−1 ) as a measurable function of y t−1 , although the function could be generalized to include more lags. In what follows, we assume that w and γ are known constants.
However, we conjecture that the extension to the case where both parameters need to be estimated follows from a modifications of Theorem 2 of Jensen and Rahbek (2004b) but this extension is outside the scope of the present paper.
Note that the process given by (1) -(2) has a structure that is very similar to the traditional exponential generalized autoregressive model (EGARCH) of Nelson (1991) . As Linton (2006) points out, "no results have yet been published for consistent and asymptotic normality of EGARCH from primitive conditions, although simulation evidence does suggest normality is a good approximation in large samples".
In our new model, the main difference with the EGARCH of Nelson (1991) is that g is a function of y t−1 instead of v t−1 , and φ is associated with y t−1 instead of v t−1 .
However, since one can specify many alternative choices of measurable g-functions,
the specification is not restricted to the EGARCH-type.
To illustrate the nature of our new specification further, we can compare the traditional AR(1)-ARCH(1) model, (see, e.g. Ling and McAleer (2003) , page 283) where
with the double autoregressive model of Ling (2004) , where
Therefore, in volatility models with rather complex structures, many alternative specifications may exist. That is, sometimes t−1 is included in the conditional variance as in (3), while in another cases it is replaced by y t−1 as in (4). The actual choice must be data based. Another leading example which is closely related to our approach comes from the nonparametric literature, where the volatility function typically is specified as function of lags of observed data (see, e.g. Linton and Mammen (2005) )
Hence, specifying the process (1) - (2) and letting y t−1 enter the conditional volatility function is by no means a new idea. In particular, one can argue that we are merely extending the approach by Ling (2004) by introducing the existence of asymmetries and leverage effects in the conditional volatility.
We will make the following set of assumptions which are all fairly common with the GARCH literature:
A2 |β| < 1, |ψ| < ∞, and |φ| < ∞,
A5 y t is a strictly stationary and ergodic process with E (|g (y t )|)
Note that Assumptions A1-A5 allow for a very general class of conditional variance functions. Assumption A1 and A4 are restrictions on the innovation process and are both very common. A1 could probably be replaced by the weaker martingale difference sequence assumption without altering the main results of the paper, but at the expense of adding to the complexity of the proofs. Assumption A2 and A4 restrict the unknown parameters to be defined on a compact parameters space.
In the traditional EGARCH model, the existence of the rth moment in v t requires the existence of rth moment of y t . Therefore, as it is widely used in the EGARCH literature as well as in the literature on more general asymmetric volatility models, we impose the moments restriction directly on y t (and g(y t )) as in A5. Carrasco and Chen (2002) show that Nelson's (1991) EGARCH process will be strictly stationary and geometrically ergodic under general conditions similar to Assumptions A1-A4.
However, when replacing v t−1 with y t−1 in the conditional variance specification it is no longer possible to use the methodology in Carrasco and Chen (2002) or the more general approach by Cline and Pu (1999) to establish strictly stationarity and ergodicity of y t and/or σ 2 t . Establishing such properties of y t and/or σ 2 t within the current model setup will be very challenging but a topic for future research. Within the scope of this paper we will continue under the maintained assumption (A5) that y t is a strictly stationary and geometrically ergodic process. A5 is used frequently in the recent GARCH literature, see, e.g., Kristensen and Linton (2006) . Finally, it should be noted, that given Assumptions A2 and A5 in particular, then also g(y t ) and σ 2 t are strictly stationary and ergodic processes, see, e.g., Theorem 3.35, page 42, in White (1984) . Strict stationarity of σ 2 t would actually "only" require Assumptions A1, A2, A4, strictly stationarity of y t , E (v 2 t ) < ∞ and var (ψg (y t ) + φy t ) < ∞ as in He et al (2002) . Note also that g (y t ) needs a finite expectation, but it does not have to be equal to zero. To get a specification very similar to Nelson's (1991) EGARCH, one could choose g (x) = |x| − |x|, where |x| denotes the sample mean of |x|.
The quasi-likelihood function associated with the (1) - (2) is given by
The following Theorem 1 establishes the asymptotic normality of the QML estimator which is the main theoretical result of the paper.
Theorem 1 Let Assumptions A1-A5 hold. With (w, γ) fixed at their true values, (w 0 , γ 0 )´, consider the model given by the quasi log-likelihood function given as (1).
Then, there exists a fixed open neighborhood
that with probability tending to one as T −→ ∞, l T (β, ψ, φ) has a unique maximum point β, ψ, φ ´in U. In addition, the QML estimator β, ψ, φ ´is consistent and asymptotically normal,
where
and the typical element of Ω is defined by Propositions 1 and 2 given in the Appendix.
Proof of Theorem 1
The proof of Theorem 1 is given in the Appendix.
Empirical Illustration
In this section we will motivate the new EGARCH-type model further by an empirical illustration. We use one-month U.S. Treasury bill yields (the average of bid and ask) which are taken from the risk-free rate file of the Center for Research and Security Prices (CRSP). The sample period is June 1964 to December 1989, for a total of 307 monthly observations, and corresponds to the sample period used by Chan, Karolyi, Longstaff and Sanders (1992) and Ball and Torous (1999) 2 . Ball and Torous (1999) show that Nelson's EGARCH model performs very well based on this data set (they show that the stochastic volatility model does not outperform the traditional EGARCH. See Ball and Torous (1999 , pages 2348 and 2349 ) and it would therefore be interesting to see how the new EGARCH specification compares. The empirical models under consideration are given as
where υ t ∼ i.i.d(0, 1) and σ t evolves according to the following dynamic representations:
2 Standard augmented Dickey-Fuller (1979) and Phillips-Perron (1988) tests allow us not to reject the hypothesis of a unit root in the level of the series at 10% and 5% significant levels respectively. However, for the first difference, with both tests we reject the null of a unit root at the 1% significance level. Note that from A5, we need stationarity in our time series.
• Dahl-Iglesias EGARCH(1,1), denoted EGARCH(DI) ln σ 2 t = w + β ln σ 2 t−1 + ψg(∆r t−1 ) + φ∆r t−1 , where g(∆r t−1 ) = |∆r t−1 | − |∆r t−1 | and |∆r t−1 | denotes the sample mean of |∆r t−1 |.
• GARCH(1,1)
The estimation results are summarized in Table 1 . Note first that Ball and Torous (1999) do not introduce an autoregressive process in the mean equation such as (6).
However, they only check for possible neglected autocorrelation in the residuals up to lag 10. We carry out a much more detailed battery of tests where we check for possible autocorrelation up to lag 40; and in order to remove all neglected serial correlation up to that order, we need to include lags in the mean equation. Although the mean equation is of lesser interest here it should be noted that all lags of the dependent variable enters insignificantly in the EGARCH(DI) specification. The main implication of this is that the asymptotics derived in the previous section then are guaranteed to hold for our model. Also, our estimates for the parameters in Table 1 fall inside the regions that are allowed for in Assumption A2. Regarding the conditional variance function note that the estimated parameters are of almost the same magnitude for the two EGARCH specifications and they are all significant. However, as we will see later the estimated conditional volatility for the two EGARCH models will evolve quite differently over time. Furthermore, the implied/estimated news impact curves also turn out not to be similar. As in Ball and Torous (1999) our estimator of φ in the EGARCH models is significantly positive. This implies that a positive impulse to the interest rate will have a larger impact on the volatility than a negative impulse.
Impulses or news that affect interest rates upwards might be considered bad news so the estimated effects are qualitatively in line with the conventional wisdom that bad news has a larger effect than good news on volatility on financial securities.
Next, we investigate whether the models are well specified. From rows 1 through 4 in Table 2 we see that we cannot reject that the standardized residuals satisfy the model assumption regarding their two first moments. All the estimated models pass the Ljung-Box (LB) tests for neglected serial dependence and neglected ARCH.
We consider 3 different test for neglected serial dependence up to order 4, which are described in Wooldridge (1991) : HE-LM-AR(4) is the standard LM test, see, e.g., Engle (1982) , while "W Proc 3.1" and "W Robust" (described on page 16 and 21 in '*': significant on 10 percent level, double-sided (normal dist.). '**': significant on 5 percent level, double-sided (normal dist.). '***': significant on 1 percent level, double-sided (normal dist.). Wooldridge, 1991, respectively) are robust to misspecification of the conditional variance function. Following the robust specification testing methodology of Wooldridge (1991), we also test for the existence of omitted variables σ t−1 and σ t−2 since the so-called mean-effects as discussed in Engle et al (1987) are commonly found in interest rate series. From Table 2 we see that all the specifications pass all the above mentioned tests − with one exception − at the commonly used 5 per cent nominal significance level. Whereas at the 1% we reject that σ t−1 should be included in the new EGARCH specification, the term clearly cannot be omitted from neither Nelson's EGARCH nor the GARCH model.
As argued by Engle and Ng (1993) the news impact curve implied by volatility models are very important for portfolio selection and assets pricing. It also turns out that it is useful for model specification and by testing whether the news impact curve of a model offers a good fit to the data which can highlight the quality of the model. The final three specification tests in Table 2 are aimed at this target and are described in Engle and Ng (1993) : Engle-Ng Spec. Test 1 and Engle-Ng Spec. Test 2 are standard LM test for whether {|∆r t−1 | , ∆r t−1 } and {|υ t−1 | , υ t−1 } respectively are omitted from the volatility function/news impact curve (described on page 1758 in Engle and Ng, 1993) . Finally, the Engle-Ng Joint Test is a standard LM test for whether {I ( t−1 < 0) , I ( t−1 < 0) t−1 , I ( t−1 ≥ 0) t−1 } are omitted from the From inspection of Figure 1 we see how different the predictions from the three volatility models turn out to be. The estimated GARCH volatility increases primarily due to the large negative shocks in Sept. 1974 , Apr. 1980 , Oct. 1984 , Oct. 1987 and Dec 1988 . The estimated EGARCH volatility is to a lesser extent also affected by these events. This is in contrast to the estimated EGARCH(DI) volatility which is virtually unaffected by these specific shocks. The main increase in the EGARCH(DI) volatility occurs as a result of a series of large positive shocks from 1980 -1982. Surprisingly, the size of this increase in volatility in this period is not predicted The estimated news impact curves depicted in Figure 2 confirm why the estimated EGARCH(DI) volatility does not change much due to the large negative shocks referred to previously. In particular, only relatively large positive shock will in affect the EGARCH(DI) volatility but the effect of such news will be uniformly smaller than their effect on the estimated GARCH-volatility and EGARCH-volatility. We believe this is a very nice feature of the model, since one of the main arguments against the EGARCH specification is that it often predicts too much volatility in case of bad news EGARCH (Nelson) and as a result tends to become "unstable", see e.g. Engle and Ng (1993) and the simulation studies in Andersen and Lund (1997) and Ball and Torous (1999) . Note also, that in Figure 2 we only show the shape of the NIC of the new EGARCH model where g(∆r t−1 ) = |∆r t−1 | − |∆r t−1 |. But this is only one possible NIC that our new model can generate since we can allow for different g(∆r t−1 ) functions. This gives the researcher a lot of flexibility to generate alternative NIC's if data cannot support the EGARCH type specification.
Conclusions
In this paper we propose a new asymmetric volatility model along the lines of the traditional exponential GARCH model. Our new model has the advantage over the traditional EGARCH that allows a much more flexible function in the conditional variance. We also prove the asymptotic normality of the QML estimator in this setting. Finally, we also show how this new EGARCH model allows to generate asymmetric news impact curves without the disadvantage of significantly increasing the volatility in relation to the traditional GARCH model. Note also, that since we allow for a general class of functions in the conditional variance, our model can create many different shapes of the news impact curves.
All the main results and proofs of this paper are summarized in this Appendix. In order to cut down the size of the paper we have excluded detailed derivations. These derivations are given in a supplementary appendix which can be obtained from the corresponding author upon request. To establish the main theoretical result given by Theorem 1 we first state and prove five very useful lemmas.
The first order derivatives of the loglikelihood function
Lemma 1 Let Assumptions A1-A5 hold and define the sequence I t−1 = {y t−1 , y t−2 , ...} to be sub-σ-algebras of I. Then {s it (θ 0 ) , I t−1 } for i = 1, 2, 3, are martingale difference sequences.
Proof of Lemma 1 Note that for each t a) s it (θ 0 ) is measurable I t , and b) I t−1 ⊂ I t . It is also quite trivial to see that c) Pr (E (s it (θ 0 ) |I t−1 ) = 0) = 1. To complete the proof of Theorem 1 we need to verify that d) E (|s it (θ 0 )|) < ∞ for i = 1, 2, 3, see, e.g., Definition 7.4, page 191 in Bierens (2004) . We begin with the case where i = 1 by first noticing that
Substituting in the expression for ln σ 2 t−1 , the first term in on the right hand side of (7) can be bounded as
and by using that E |XY | ≤ √ E X 2 E Y 2 we obtain
Consequently E 1 − v 2 t ln σ 2 t−1 < ∞ by Assumptions A1-A5 uniformly in t. Next, we turn to the second term in (7). First, notice that for all finite s = 0, ±1, ±2, ... and T < ∞ it holds that
Then,
Given Assumptions A1-A5 and the results in (8) and (9) it can now be established that
< ∞ uniformly on t and it can be concluded that E |s 1t (θ 0 )| < ∞ for all t. Using similar techniques it follows straightforwardly that also E |s 2t (θ 0 )| < ∞ and E |s 3t (θ 0 )| < ∞ uniformly in t. This completes the proof of Lemma 1.
Lemma 2 Define the processes
Proof of Lemma 2 Consider first u 2t (θ 0 ) and define
and it is easy to see that the moments of d 1t (θ 0 ) will exists to the degree that the moments of |g (y t−i−j )|) and |y t−i−j | are bounded (as assumed in A5). Consequently, as |u 1t
uniformly on t, the corresponding moments of |u 1t (θ 0 )| will exist. This completes the proof of Lemma 2.
Lemma 3 Let Assumptions A1-A5 hold. Then
as T → ∞.
Proof of Lemma 3 Define z it (θ 0 ) = u 2 it (θ 0 ) /T and note that by Lemma 2 lim T →∞ 
. This completes the proof of Lemma 3.
Lemma 4 Let Assumptions A1-A5 hold and define δ > 0. Then
Proof of Lemma 4 Note first that
uniformly on i and t due to Lemma 2. As shown in Lemma 2, u it (θ 0 ) is strictly stationary asymptotically implying that s it (θ 0 ) will share the same property, see, e.g., Theorem 3.35, page 42 in White (1984) . The implication of this property is that there exists an integer S > 0 such that for
Hence, Lemma 5 Given Assumptions A1-A5 then
Proof of Lemma 5 The result of Lemma 2 implies that for all i and t E s
, and the result in (12) follows which completes the proof.
Proposition 1 Let Assumptions A1-A5 hold. Then
, for T → ∞ and i = 1, 2, 3, where σ 2 i is defined as in Lemma 3.
Proof of Proposition 1 By Lemma 1 s it (θ 0 ) , for all i, is a martingale difference sequence.
Furthermore, the results of Lemmas 3, 4 and 5 above corresponds exactly to the conditions a), b), and c) in Theorem 7.10 in Bierens (2004) respectively. The result of Proposition 1 therefore follows immediately.
Proposition 2 Let Assumptions A1-A5 hold. Then as T −→ ∞,
Proof of Proposition 2 Define z it (θ 0 ) and σ 2 i for i = 1, 2, 3, as in the proof of Lemma 3.
Further, consider
as T→ ∞ since, by the ergodicity theorem
This completes the proof of (a). Similarly, it follows that
as T → ∞ hereby proving (b) and (c). Consider next the cross derivatives in (d) -(f ) and let E (u it (θ 0 ) u jt (θ 0 )) = σ ij for i = j where u it (θ 0 ) is defined as in Lemma 2. By applying the ergodicity theorem and the results on the existence of moments of u it (θ 0 ) in Lemma 2, then
as T → ∞. This completes the proof of Proposition 2.
Definition 1 Denote θ 0 = (β 0 , ψ 0 , φ 0 , γ 0 ) . Define the lower and upper values for each parameter
Proposition 3 Proof of Theorem 1 Given the conditions provided by Propositions 1 -3 the results of Theorem 1 follows straightforwardly from Lemma 1, page 1206 in Jensen and Rahbek (2004b) .
